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Question 6

Let f bethe function defined by f(x) = kv'x —Inx for x > 0, where k is a positive constant.

(@ Find f’(x) and f”(x).

(b) For what value of the constant k does f have acritical point at x =17? For thisvalue of k, determine
whether f has arelative minimum, relative maximum, or neither at x = 1. Justify your answer.

(c) For acertain value of the constant k, the graph of f hasa point of inflection on the x-axis. Find this
value of k.

k 1
@ f'(x)=7=-= 1: f/(x)
X 2
2 {1 £(x)
£7(x) = — k32 4 2
4
(b) f’(l):%k—1:0:>k:2 1:sets /(1) = 0or f/(x)=0
1 | 1:solvesfor k
Whenk =2, f()=0and ') =-5+1>0. | **] 1. swer
f hasarelative minimumvaueat x =1 by the 1 judtification
Second Derivative Test.
(c) Atthisinflection point, f”(x) =0 and f(x)=0. 1: f(x)=00r f(x)=0

3: < 1: equation in onevariable
f”(x):o:__k+i:0:>k:i 1: answer
432 2 JIx
f(X)=O:>kJ_—InX=0:>k=m—X
Jx
4 In X
Therefore, —— = —
Ix o JIx
= 4=Inx
= x=¢é
4
:>k=g
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Question 6

Let f be the function defined by

Jr+1 for0<z <3
f(x)={

5—x for 3 < x < 5.

Is f continuous at = 37 Explain why or why not.

Find the average value of f(z) on the closed interval 0 < z < 5.

Suppose the function g is defined by
kNz +1
g(z) =
mx + 2

for0<z<3
for 3 <z <5,

where k£ and m are constants. If ¢ is differentiable at z = 3, what are the values of k¥ and m 7

f is continuous at z = 3 because
lim f(z) = lim f(z) = 2.
z—3" r—3"

Therefore, lirré f(z) =2 = f(3).

[ i@ydz = [ @) da+ [ f(w) e

3 5

= %(w + 1)%

1
+ (533' —533'2

(16 2) O(25 21) 20

3

3 3 2 2 3
1 p5 4
A lue: = =—=
verage value: - fo f(z)dz 3

Since ¢ is continuous at z = 3, 2k = 3m + 2.

L for0<z <3
g/(x): 2V +1
m for3<z<b

ok o
Jim g(z) = 7 and lim g/(z) = m

Since these two limits exist and ¢ is

differentiable at x = 3, the two limits are
equal. Thus % =m.
8

8m:3m+2;m:%andk:g

1 : answers “yes” and equates the
values of the left- and right-hand
limits

1 : explanation involving limits

3 5
1: kj;] f(z)dz + ka f(z)dzx
(where k = 0)
1 : antiderivative of vz + 1
1 : antiderivative of 5 —

1 : evaluation and answer

1:2k=3m+2

l:gzm

1 : values for k£ and m
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Question 6

A function f has derivatives of all orders at x = 0. Let P,(x) denote the nth-degree Taylor polynomial
for f about x = 0.

(a) Itisknown that f(0) = —4 and that H(%) = —3. Show that f"(0) = 2.

(b) Itis known that /"(0) = —% and £"(0) = % Find Py(x).

(c) The function 4 has first derivative given by 4'(x) = f(2x). It is known that 4(0) = 7. Find the
third-degree Taylor polynomial for % about x = 0.

@ R(x)= £(0)+ £(0)x =4+ f(0)x J. [ 17uses B()
" | 1:verifies f'(0) =2
L 7 R
R(%)=-4+r(©0) 5 =3
! 1
f[(0)5=1
J'(0)=2
2\ 21X .
(b) B(x)=-4+2x+ YA TREERET 1 : first two terms
' ' 3: 4 1 :third term
_ I - 1 : fourth term
=-4+2x 37X + T
(c) Let Q,(x) denote the Taylor polynomial of degree n for 4 about 2 :applies 4'(x) = f(2x)
x=0. 4: < 1:constant term

1 : remaining terms
H(x) = f(2x) = 03 (x) = —4+2(2x) -+ (2x)’

2 3
Q3(x):—4x+4'x7—§'%+C; C = 04(0) = h(0) = 7
O5(x) =7 — 4x + 2x° —gx3

OR

H(x) = £(2x), H'(x) = 2£'(2x), K"(x) = 4f"(2x)

H(0) = £(0) = -4, #"(0) = 2/'(0) = 4, K"'(0) = 41"(0) = _g

2 3

8 x4 2_4.3
3 3!—7 dx + 2x X

Q3(x)=7—4x+4 9

X
2!
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Question 5

The derivative of afunction f isgivenby f’(x) = (x—3)e* for x>0, and f(1) = 7.

(8 Thefunction f hasacritical point at x = 3. At thispoint, does f have arelative minimum, arelative

maximum, or neither? Justify your answer.

(b) Onwhat intervals, if any, isthe graph of f both decreasing and concave up? Explain your reasoning.

(c) Findthevalueof f(3).

(@ f(x)<O0for0<x<3and f’(x)>0 for x>3

Therefore, f hasarelative minimumat x = 3.

(b) f7(x) =€+ (x-3)e" = (x-2)¢
f”(x) >0 for x> 2

f'(x)<0for0<x<3

Therefore, the graph of f isboth decreasing and concave up on the
interval 2 < x < 3.

3 3
© f(3) = f(1)+j1 £7(x) o|x=7+jl(x—3)eX dx

u=x-3 dv=edx
du = dx

v =¢e"

3 3
_ _ X _ X
f(3)=7+(x-3)¢, jle dx

:7+((x—3)ex—ex)f

=7+3-¢€
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[ Liminimumat X = 3
" | 1 justification

3. {2: f7(x)

4:

1 : answer with reason

1: usesinitial condition
2 : integration by parts
1: answer
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