APR STUDENT PACKET

AP Review 8: FTC and Riemann Sums
Fundamental Theorem of Calculus:

f: f)dx = or f; f'(x)dx =

What does an integral actually MEAN?

Example: A fuel tank leaks oil at a rate given by r(t) where » is measured in ounces per minute
and ¢ is measured in minutes. 32 ounces of oil has already leaked from the tank (7=0). Write an
expression involving an integral that would determine the amount of oil that has leaked from the
tank at /=15 minutes.

Approximating Integrals
Used to approximate f: f(x)dx dividing the area between the curve and the x-axis into easily

calculable shapes.
Left Riemann Sum: Right Riemann Sum:

Midpoint Riemann Sum: Trapezoidal Approximation:
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Ex 5: Ms Green’s GPS watch kept losing signal on her 90 minute run last weekend. However,
she was able to download her speed at a few times over the course of the run. These are given in
the table below. She does know she started at 8 am going way too fast and steadily slowed down
until she finished at 9:30.

Time 8:00 | 8:13 | 8:27 [ 8:43 |1 9:03 | 9:21 | 9:30
Pace G(t) 0.15(0.13 10.12 { 0.10 | 0.09 | 0.07 | O
(miles/min)

a. Using a Left Riemann Sum with the 6 subintervals given, approximate the value of [ 090 G(t)dt.

What does this value mean in the context of the problem? Is this an over or underapproximation?
How do you know?

b. Using a Trapezoidal Approximation with the 6 subintervals given, approximate the value of
[ G(edt.
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AB/BC 2005 #3 No Calc
Question 3
]iis('f:f)e 0 1 5 6 8
T;:T;“(aoge 100 | 93 70 62 55

A metal wire of length 8 centimeters (cm) 1s heated at one end. The table above gives selected values of the temperature
T(x). in degrees Celsius (°C). of the wire x cm from the heated end. The function T is decreasing and twice
differentiable.

(a) Estimate 7'(7). Show the work that leads to your answer. Indicate units of measure.

(b) Write an integral expression in terms of T'(x) for the average temperature of the wire. Estimate the average temperature

of the wire using a trapezoidal sum with the four subintervals indicated by the data 1n the table. Indicate units of
measure.

8 8
(c) Find -[o T’(x) dx. and indicate units of measure. Explain the meaning of -[o T'(x) dx in terms of the temperature of the
wire.

(d) Are the data in the table consistent with the assertion that 7"(x) > 0 for every x in the interval 0 < x < 8 ? Explain
your answer.
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AB/BC 2018 #4 No Calc

(years)

H(r)
(metem)“ 1.5 2 6 11 15

'"235710

4. The height of a tree at time 7 is given by a twice-differentiable function H, where H(t) is measured in meters
and ¢ is measured in years. Selected values of H(t) are given in the table above.

(a) Use the data in the table to estimate H’(6). Using correct units, interpret the meaning of H’(6) in the
context of the problem.

(b) Explain why there must be at least one time ¢, for 2 < ¢ < 10, such that H’() = 2.

(c) Use a trapezoidal sum with the four subintervals indicated by the data in the table to approximate the
average height of the tree over the time interval 2 < ¢ < 10.

(d) The height of the tree, in meters, can also be modeled by the function G, given by G(x) = % , where
x is the diameter of the base of the tree, in meters. When the tree is 50 meters tall, the diameter of the
base of the tree is increasing at a rate of 0.03 meter per year. According to this model, what is the rate of
change of the height of the tree with respect to time, in meters per year, at the time when the tree is

50 meters tall?
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Homework
AB 2007 #5 No Calc
Question 5
! 0 2 5 7 | 11| 12
(minutes) =
r(1) 3 3
(feet per mi ) 5.7 40 20 12 06 0.5

The volume of a spherical hot air balloon expands as the air inside the balloon is heated. The radius of the
balloon, in feet. is modeled by a twice-differentiable function » of time £, where ¢ is measured in minutes.
For 0 < t <12, the graph of r is concave down. The table above gives selected values of the rate of change.
/(). of the radius of the balloon over the time interval 0 < t < 12. The radius of the balloon is 30 feet when

t = 5. (Note: The volume of a sphere of radius r is givenby I” = %ﬂ'rs.)

(a) Estimate the radius of the balloon when f = 5.4 using the tangent line approximation at t = 5. Is your
estimate greater than or less than the true value? Give a reason for your answer.

(b) Find the rate of change of the volume of the balloon with respect to time when ¢ = 5. Indicate units of
measure.

(c) Use aright Riemann sum with the five subintervals indicated by the data in the table to approximate
12 12
.[0 () dt. Using correct units, explain the meaning of [o ¥(t) dt in terms of the radius of the
balloon.

12
(d) Is your approximation in part (c) greater than or less than ‘0 ¥(t) dt ? Give a reason for your answer.
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AB/BC 2013 #3 No Calc
t
minaesy | 0 | 1 2|3 4|56
@) 0 | 53|88 |112|128]138145
(ounces)

Hot water is dripping through a coffeemaker, filling a large cup with coffee. The amount of coffee in the cup at
time ¢, 0 < ¢ < 6, is given by a differentiable function C, where ¢ is measured in minutes. Selected values of

C(#), measured in ounces, are given in the table above.

(a) Use the data in the table to approximate C’(3.5). Show the computations that lead to your answer, and
indicate units of measure.

(b) Isthereatime ¢, 2 <t < 4, at which C'(¢) = 2 ? Justify your answer.

(c) Use a midpoint sum with three subintervals of equal length indicated by the data in the table to approximate
the value of %I: C(t) dt. Using correct units, explain the meaning of %I:C(t) dt in the context of the
problem.

(d) The amount of coffee in the cup, in ounces, is modeled by B(t) =16 — 16e %#. Using this model, find the
rate at which the amount of coffee in the cup is changing when ¢ = 5.
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